The generalized Green's function K(t,s) for an nth order linear differential operator L is characterized in terms of the 2nth order differential operators LL* and L* L. The development is operator oriented and takes place in the Hubert space ¡} [a, b]. Two features of the characterization are a determination of the jumps occurring in the derivatives of orders n, n + 1, ..., In -1 at t = í and a determination of the boundary conditions satisfied by the functions K(a, •) and K(b, •). Several examples are given to illustrate the properties of the generalized Green's function.
1. Introduction. The generalized Green's function for a linear differential operator was first systematically studied by Elliott [5] and Reid [12] . More recently it has been considered by Greub and Rheinboldt [6], Wyler [15] , Loud [9] , [10], Bradley [1] , Reid [13] , Chitwood [3] and Brown [2] . For the historical development of the generalized Green's function the reader is referred to the survey article by Reid [14] .
The purpose of this paper is to present a new characterization of the generalized Green's function K(t,s) for an nth order linear differential operator L, which is determined by a formal differential operator t and linearly independent boundary conditions B¡(f) = 0,i= 1, ..., k. In our treatment the 2«th order differential operators LL* and L* L play a major role, a role analogous to that played by L* and L in characterizing the standard Green's function. Our development parallels that of Dunford and Schwartz [4, Chapter XIII] for the standard Green's function and is operator-theoretic in nature.
In §2 we define the various spaces and operators used in the paper, the setting being the Hilbert space L2[a,b\. The generalized Green's function K(t,s) is introduced by utilizing the generalized inverse Û of L and the Riesz representation theorem. We derive in §3 the continuity and differentiability properties of K(t, s). A new feature is a determination of the jumps in the derivatives of orders n, n + 1, ..., 2« -1 at t = s as well as the well-known jumps occurring in the derivatives of orders 0, 1, ..., n -1. These jump conditions take a particularly simple form when specified in terms of the quasi-derivatives as is seen in §4. For each c with a < c < b we show in §5 that K(c, •) satisfies the 2n boundary conditions which determine LL*, included among these being the boundary conditions determining L*.
In §6 we establish a representation theorem for K(c, •) in the case a < c < b in terms of functions cbx, <b2,..., <b2n which form a basis for the solution space of rr*<i> = 0. The representation is uniquely determined by the jump conditions, the boundary conditions determining LL*, and the property that K(c, •) is orthogonal to the null space of L*. The representation theorem is extended to the cases c = a and c = b in §7, and the boundary conditions satisfied by K(a, •) and K(b, •) are determined. It should be emphasized that these two functions do not satisfy the boundary conditions determining L*.
In §8 we introduce the generalized Green's function Kx(t,s) for the differential operator L*, showing that K(t,s) = AT, (j,/) for/ ¥= s. Letting \px, ^2,..., \¡t2n be a basis for the solution space of T*rt|/ = 0, in §9 we represent K(t,s) in terms of the functions \p¡(t) and <bj(s). We relate K(t,s) to the orthogonal projection operators on the null spaces of L and L* in §10, and we conclude our discussion by giving several examples of generalized Green's functions in §11. We will refer to this structure as the H"-structure for H" [a,b] .
Given an «th order formal differential operator be a set of 2/z -k linearly independent adjoint boundary values. We know that the adjoint operator L* is the differential operator in S given by
The restriction of L to the subspace ^(L) n 9l(L)x is a 1-1 closed linear operator, and its inverse H -[¿^(L) n 9l(L)x]_1 is a 1-1 linear operator with domain <3{(L) and range ^(L) n 9l(L)x. By the open mapping theorem H is continuous from <3l(L) under the L2-topology to <^)(L) n 9l(L)x under the H "-topology.
Let P and Q denote the orthogonal projections from S onto %(L) and %(L*), respectively. Note that I -P and 7 -Ô are the orthogonal projections from S onto the closed subspaces <3l(L*) and &(L), respectively. Also, L77/ = / forall/Gft(L), and HLf = f-Pf for all / G <$(L).
Let Ú : S -* S be the linear operator defined by LV= 77(7-0)/, /es.
Clearly L+ is continuous from S under the L2-topology to <>D(L) D 9l(L)x under the //"-topology, and Ü\*$l(L) = H. Also, it can be verified that Ü has the following properties:
(ii) LTLLT/ = ityfor all/ G 5,
The operator // is the generalized inverse of L, and it has been studied in [8] .
Fix a point t E [a, b], and let F: S -* R be the linear functional defined by
Since evaluation at a point is a continuous linear functional on H "[a, b] under its //"-structure, it follows that F is a continuous linear functional on S. Therefore, by the Riesz representation theorem there exists a unique function K(t, •) E S such that
(1) Ûf(t) = FU) = C K(t,s)f(s)ds for all/ G S, Ja and equation (1) is valid for all t G [a, b]. The function K(t,s) is called the generalized Green's function for L. We are going to establish its properties which are analogous to the well-known properties which characterize the standard Green's function when L is invertible, i.e., when P = Q = 0 and Ü = // = £-■. In studying the generalized Green's function we will utilize the 2/jth order selfadjoint differential operators LL* and L* L, which have been considered in 
is the boundary form for t at the point t with . We have similar results for the boundary forms Ft(r*), F(tt*), and E(t*t).
3. Continuity properties and jump conditions. We begin our characterization of the generalized Green's function by establishing an orthogonality property. In particular, we can make one of them 1 and all the others 0, and hence, from (4) we conclude that
Since the 2n X 2« matrix \EP(rr*)\ is nonsingular, equations (5) and (6) for the 2n unknowns t/0(í), ^(r), ..., î?2"_i(r). From Cramer's rule it follows that (7)- (8) which are determined by equations (7)- (8) with t = c. We know that F/(tt*) = 0 for/ + / > 2/j -1, and
for / = 0, 1, ..., 2n -1, and hence, (7)- (8) In equations (11) and (12) we have obtained the well-known jump conditions satisfied by the standard Green's function. At this point it is possible to determine the quantities t]n(c), %+\(c), ..., V2n-l(c) fr°m íae nrst n e(?uations in (7) and from (11) and (12) . Proceeding in this way leads to an n X n triangular system which can be solved for these quantities in terms of the quantities fJj(tt*) and b¡(c). By expressing the boundary form Fc(tt*) in terms of Fc(t) and Fc(t*), it is possible to derive formulas for t/"(c), tjm+1(c), ..., t)2"_i(c) in terms of b0(c), bx(c), ...,bn(c) and their derivatives. Instead of following this approach, we are going to reexamine the above discussion and derive a new set of equations for the (11) and (12) But by Lemma 2 r*/(c) = Fc(t)(t*/,tj_) -Fc(r)(r*f,r,+), and hence, comparing these last two equations we conclude that With these definitions tt*/ = y2"', and Green's formula becomes f" rr*f(t)g(t)dt = (bf(i)TT*g(t)dt Ja Ja
for all/, g EH2n[a,b\ Fix a point c with a < c < 6. We already know that In equations (19), (20), and (21) we have formulas for the jumps in the quasiderivatives at s = c. They are much simpler than the analogous formulas for the jumps in the derivatives.
5. Boundary conditions. Recall that the selfadjoint differential operator LL* is determined by the boundary conditions £*(/) = 0, / = \, ...,2n -k, and Bj(f) = 0,/ = 1,..., k (see equation (2)). We are going to represent the generalized Green's function K(t, s) in terms of the functions ^¡(t), cb:(s). Before doing this we need to take a closer look at the boundary conditions B*(f) = 0,/ = 1, ..., k.
Let r be the rank of the k X n matrix having entries B¡(\pj), i = \, ..., k;j = 1,..., n. Clearly ^ = 2;=i x^ belongs to %(L) iff 
1=1
We want to show that the 4n constants a¡(c), ßt(c) can be calculated from (i) the 2« jump conditions (see Theorem 3), (ii) the 2n boundary conditions (see Theorem 4), and (iii) the a orthogonality conditions (see Theorem 1). This makes a total of 4« + q conditions for the 4n constants. At first glance it seems reasonable to discard the q orthogonality conditions. However, these conditions turn out to be necessary, and we will actually show that a of the boundary conditions B*(f) = 0,/ = I, ..., k, can be deleted. ;'=1
We want to determine conditions on these constants that will make tj_ and tj+ coincide with K(c, •) on the intervals [a, c) and (c, b], respectively. A first necessary condition is that the jump conditions be satisfied, i.e., for / = 0, 1, ..., n -1. Setting cb(s) -tj_(j) for a < s < c and <b(s) = t}+(s) for c < j < b, the above discussion shows that the function t*<#> has a removable singularity at j = c. By assigning the right value at s = c we get t*<í> G <i/(j.i//">, and hence, from (24) we conclude that Bj+(<b) = Bj(T*<b) = 0 for/-l,...,a.
Let us summarize these results as a lemma. We are now in a position to be able to characterize the functions K(a, ■) and K(b, •). Q.E.D.
Combining Theorems 5, 6, and 7 we obtain the following result.
Theorem 8. In terms of the functions a¡(t), ßj(t), i = 1, ..., 2«, which belong to C°°[a,o], the generalized Green's function K(t,s) has the representation 2n K(t,s) = 2 «,(/)*,(*), a < s < i < b, i=i
Moreover, K(t,s) is infinitely differentiable in both variables for t =£ s.
8. The adjoint relationship. In a series of theorems we have characterized the function K(t, •), with the differential operators L* and LL* playing a major role. We now want to study the function K(-,s), and we expect the differential operators L and L* L to play an analogous role. Indeed, this will turn out to be the situation.
If . Theorems 1-8 can now be applied to establish the basic properties of Kx(t, ■). We will discuss these properties after we relate Kx(t,s) to K(t,s).
Since the set of functions f 11. Examples. We conclude our discussion by presenting two examples of generalized Green's functions. The actual construction of these functions was carried out using a method developed in [7] . This method requires having bases </>,,..., <¡>n and \px, . Proceeding as in [7] , the generalized Green's function for L is given by K(t,s) = ¿i2 + \s -¿i/ -\t + ¿/2 + I, 0 < s < / < 2r, K(t,s) = lt2+l¿t-±Tts-\s + ls2 + l, 0<t<s<2*.
Notice that K(t,s) is symmetric, which we expect in view of Theorem 10 and the selfadjointness of L. Also, for 0 < c < 2-n the functions (a2K/as2)(c,s) and (d*K/ds3)(c,s) have zero jumps at s = c, which agrees with the facts that tj2(c) = 0 and t/3(c) = 0 by equations (17) The generalized Green's function for L is l s K(t, s) = -cos t sin s -y~ sin r sin s + =-sin r cos s, 0 < s < r < 27r, l s K(t,s) = -sin í cos í -y~ sin / sin i + -~-sin / cos s, 0 < / < j < 2tt.
It is easy to verify that K(t, s) satisfies the various properties established in our theorems.
